Quiz 2 - Variant 1 - Solutions
CRN 10895

Question 1 (1.5 points). Determine whether the following series converges absolutely, converges
conditionally, or diverges. Justify your answer.

[e.e]

14+n
n:l( )
Solution
Taking absolute values, we obtain
[e.9] o o0
an+1] n+1l 1 1
P Y Oy )]
n=1 n=1 n=1

Since % + # > % for every m > 1, and the harmonic series Y - ; 1/n diverges, the Comparison Test

shows that the series of absolute values diverges. Hence the given series is not absolutely convergent.

To apply the Alternating Series Test, let
n+1 1 1

5"

n n n

We have b, > 0 for every n > 1. Both 1/n and 1/n2 decrease as n increases, so b1 < by.

n—00 n—o0o \ N, ﬁ
converges. Because it does not converge absolutely, its convergence is conditional.

1 1
lim b, = lim ( + > = 0. Therefore the Alternating Series Test proves that the original series

Therefore, ’The series converges conditionally. ‘

Question 2 (1.5 points). Find the Maclaurin series for the following function.

_2+x
C1l—z

f(x)

Solution

The Maclaurin series is given by

> £(n)

= n
Rewrite f(z) = 3(1 —x)~! — 1. Thus f(0) = 2. For every integer n > 1, repeated differentiation
gives

FM(z) =301 —z)™ Y, f(0) = 3nl.

Using the formula we obtain

oo
243z 432" +32° +.-- =2+3) a"|
n=1
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Question 1 (1.5 points). Determine whether the following series converges absolutely, converges
conditionally, or diverges. Justify your answer.

— (=1)
n;ln%—?)‘

3

Solution

Taking absolute values, we have

nz::l n+3 _;n—i—?»_kz:;lk'

This is the harmonic series with its first three terms removed. Omitting finitely many terms does
not change convergence, so the absolute-value series diverges.

To apply the Alternating Series Test, put b, = 1/(n + 3). We have b, > 0 for every n > 1.
1

= 0. Thus the alternating series converges.

Ot =00 S pra U ke = BT
Since it fails the absolute-convergence test, it converges conditionally.

The series converges conditionally. ‘

Therefore,

Question 2 (1.5 points). Find the Maclaurin series for the following function.

Solution

The Maclaurin series is

Recall the geometric series:

Taking r» = —x, we obtain

1 oo
= Z(—l)”x”, lz| < 1.

Multiplying both sides by x2, we obtain the Maclaurin series of f(x) = Trg'

[o.¢] oo
z? Z(—l)"x" = Z(—l)"m"+2 =2 -4t -+
n=0 n=0
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Question 1 (1.5 points). Find the radius and interval of convergence of the following power series,
identifying where convergence is absolute or conditional.

f: (3z — 2)”.

n=1 n

Solution
By the Ratio Test, With a,, = (3z — 2)"/n and x # 2/3,

an+41
an,

| (Bz —2)nH n
B n+1 (3x —2)n

= |32 — 2| —— — |3z — 2|,
n+1

At x = 2/3, every term is zero and convergence is immediate. The Ratio Test guarantees absolute
convergence if |3z — 2| < 1. Solve:

1
—1<3z—-2<1 <= 1<3r<3 <= §<x<1.

Writing 3x — 2 = 3(z — 2/3) shows the center is ¢ = 2/3 and the radius is | R = 1/3|.

At © = 1/3, 3x — 2 = —1, so the series becomes Y oo (—1)"/n. First, its absolute-value series

o> 11/n diverges (harmonic series). Nezt, for b, = 1/n, we have b, > 0, b,1+1 < by, and b, — 0.
By the Alternating Series Test, the original series converges. Thus convergence at this endpoint is
conditional.

At x =1, 3x — 2 =1, so the series is the divergent harmonic series Y 1/n.

Therefore, the interval of convergence is |[1/3,1)|; absolute convergence on (1/3,1) and conditional
convergence at x = 1/3.

Question 2 (1.5 points). Find the Taylor series generated by the following function at the indicated
center.

Solution

The Taylor series at a =1 is

n.

o £(n)
n=0
For f(x) = 72, the first few derivatives are
flw)==227% f'(x)=62"", fO(2)=—2427"

The general formula is
F™ () = (=1)"(n + D)l 2,
Consequently, f(™(1) = (=1)"(n + 1)!.

Hence,
n=0 ’ n=0

=1-2z-1D+3@z-1)2%-4z—-1)3+--.
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Question 1 (1.5 points). Find the radius and interval of convergence of the following power series,
identifying where convergence is absolute or conditional.

S CD@r2r

n=1 n

Solution

By the Ratio Test, For a,, = (—1)"(z + 2)"/n (away from z = —2),

a n
L g 42— — 2+ 2).
QA n+1
At x = —2, all terms equal zero. Absolute convergence occurs when

lt+2(<1 <= —-1<z+2<1l <<= -3<z<-L

The center is ¢ = —2 and the radius is .

At = -3, Here z +2 = —1, and

The resulting harmonic series diverges.

At x = —1, Here 4+ 2 = 1, so the series becomes > (—1)"/n. It converges by the Alternating Series
Test, while its absolute-value series > 1/n diverges. Thus convergence is conditional.

Therefore, the interval of convergence is | (—3, —1]|; absolute convergence on (—3,—1), conditional
convergence at x = —1.

Question 2 (1.5 points). Find the Taylor series generated by the following function at the indicated
center.

1
flx) = =2 a=0.
Solution

The Maclaurin series formula is

=37 UM
For f(z) = (1 — )73, repeated differentiation gives
fla) =31 —2)™,
f'(x)=3-4(1—2)7°,
FOz)=3-4-5(1—2)7C

Thus, for all n > 0,

(n+2)!‘

(-o)™ ) =

f() =

Hence, the coefficients are
fM0) n+2! (n+1D((n+2)

n! 2n! 2

Therefore

2 (n+1)(n +2
S FDOED) 0y 36?4 1028 4

2

n=0




Quiz 2 - Variant 1 - Solutions
CRN 10897

Question 1. Determine whether the following series converges absolutely, converges conditionally,
or diverges. Justify your answer.
o 1 n
—1)"n? ()
(-1 (3

n=1
Solution
Since |(—1)"| =1,

e ()-S5

Apply the Ratio Test to b, = n?/3" > 0:
b, 3ol p2 -3 n

1 1\2 1
=—(1+=-) —=-<1.
3<+n) 3

bpt1  (n+1)23" 1 <n—|—1)2

By the Ratio Test, the series of absolute values converges.

Therefore,

The original series converges absolutely. ‘

Question 2. Find the first three nonzero terms of the Maclaurin series for the following function
and the values of x for which the series converges absolutely.

Solution

Using the Maclaurin formula,

The required derivatives are

Evaluating at = = 0,
fl0)=1-3=-2, f'(0) = =3, f'0)=-1—-6=—T.

Series.

f"0) »

f(x) = £(0)+ f(0)x + TG 4.

7
= —2—31:—§x2+~-- .

These are the first three nonzero terms.

The Maclaurin series for cosx converges absolutely for every real . The Maclaurin series for ﬁ,
which is geometric series, converges absolutely on (—1,1).

Therefore, the series converges absolutely exactly for .
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Question 1. Determine whether the following series converges absolutely, converges conditionally,
or diverges. Justify your answer.
i (=20)"

— n!
Solution
Taking absolute values, we have
i (=20)"| i 20™
—l n! = n!
Let by, = 20™/n!. The Ratio Test gives
b1 20nTL pl 20

by  (n+1)!20"  n+1

lim b’g“ —0<1.

n—oo n

Thus the absolute-value series converges, so the original series converges absolutely.

Therefore, | The series converges absolutely.

Question 2. Find the first three nonzero terms of the Maclaurin series for the following function
and the values of x for which the series converges absolutely.

f(z) = (1 — 3z + 2z?)e”.

Solution

The Maclaurin formula is

> £(n)(Q .
ZOf (01,

n!
Put P(z) =1 — 3z + 222, so f(x) = P(x)e®. The product rule gives

f'(a) = (P(x) + P'(z))e”,
f'(@) = (P(x) + 2P'(x) + P"(x))e".

Since P(0) =1, P'(0) = =3, and P"(0) = 4,

F10)=1+2(=3) +4 =1
Substituting the coeflicients, we obtain
1= 20 4+ g 20— L2

These are the first three nonzero terms.

Since the exponential series converges absolutely for every real x, multiplying it by a polynomial
preserves absolute convergence for every x € R.

Therefore, the series converges absolutely for .



